Introduction
The purpose of this paper is twofold. Firstly, it gives a thorough treatment of the de Rham-Witt complex for Z (p) -algebras, which we first considered in [8] . This complex is the natural generalization to Z (p) -algebras, where p is assumed odd, of the de Rham-Witt complex for F p -algebras of Deligne-Illusie, [12] . We give a, perhaps, more direct construction and prove an explicit formula for the de Rham-Witt complex of a polynomial ring in terms of that of the coefficient ring. Using this formula, we show that the construction of the de Rham-Witt complex of [12] works, more generally, for Z (p) -algebras and coincides with the de RhamWitt complex constructed here. Secondly, we generalize [8, theorem C] to smooth algebras over a discrete valuation ring of mixed characteristic (0, p) with perfect residue field and p odd. We proceed to describe our results in more detail.
For every ring A, the cyclotomic trace is a map of pro-abelian groups tr : K q (A) → TC · q (A; p) from the algebraic K-theory of A to the topological cyclic homology of A, [2] . This is a highly non-trivial invariant. For instance, it induces a pro-isomorphism is the qth homotopy group of the fixed points by the finite subgroup of the indicated order. Usually these are very large abelian groups. But they are, as n and q varies, related by a number of operators, and the combined algebraic structure is quite rigid. We call this structure a Witt complex over A. By definition, this is:
(i) a pro-differential graded ring E * · and a map of pro-rings λ : W · (A) → E 0 · from the pro-ring of Witt vectors in A;
(ii) a map of pro-graded rings
such that λF = F λ and such that for all a ∈ A, F dλ(a n ) = λ(a n−1 ) p−1 dλ(a n−1 ), where a n ∈ W n (A) is the multiplicative representative; (iii) a map of graded E * · -modules V : F * E * ·−1 → E * · such that λV = V λ and such that
A map of Witt complexes over A consists is a map of pro-differential graded rings f : E given by viewing a Witt complex over A as a Witt complex over A by replacing the map λ by the composite λ W · (f ). We show that this functor has a left adjoint
the inverse image functor. The universal properties imply that the canonical map
is an isomorphism. The proof of the existence of f * , again, is by category theory. However, in the case of the ring homomorphism
given by the inclusion of the constant polynomials, we can give an explicit description of the inverse image functor. If E = E * · is a Witt complex over A, we consider the pro-graded abelian group P (E) = P (E) * · where P (E) q n is given by the set of (finite) formal sums of the form in E q n . The requirement that for all E in W A , this be a map of Witt complexes leaves only one possible way to define a product, a differential, and the maps F and V on P (E). The explicit formulas are given in section 4.2 below.
The construction P (E) may be explained as follows: The first two summands in the formula above form the sub-pro-differential graded ring
· , the Frobenius on P (E) induces the map of pro-graded rings
given on the second factor by F (x n ) = x p n−1 and F dx n = x p−1 n−1 dx n−1 , and the Verschiebung on P (E) induces the (partially defined) map of pro-abelian groups
From this point of view, P (E) is the minimal extension of E
where on the left, the maps R and F act as the identity on the second tensor factor. The differential acts trivially on the second tensor factor.
Theorem E. Let V be a discrete valuation ring of mixed characteristic (0, p) with quotient field K and perfect residue field k, and assume that p is odd and that µ p v ⊂ K. Then for every smooth V -algebra A, the canonical map
is a pro-isomorphism.
It appears an interesting problem to formulate and prove the analog of theorem E for p = 2. In this case, the right hand side of the statement is not a Witt complex over A with the definition given here. For (d • d)(x) = η · d(x), where η = tr(−1) is the image of the Hopf class. This class is non-zero, for instance, if A = Z (2) , but the square η 2 is always zero, see Rognes [23, theorem 1.5] .
Finally, we mention that at the same time as this paper was written, A. Langer and T. Zink introduced a relative version of the de Rham-Witt complex, [14] , which to a map of Z (p) -algebras R → A associates a Witt complex W · Ω Unless otherwise stated, all rings considered in this paper will be commutative and unital Z (p) -algebras with p an odd prime. We denote by N (resp. by N 0 , resp. by I p ) the set of positive integers (resp. non-negative integers, resp. positive integers prime to p). A pro-object in a category C will be taken to mean a functor from N, viewed as a category with one arrow from n + 1 to n, to C.
Witt complexes
1.1. We briefly recall Witt vectors and the de Rham complex. For a fuller discussion, we refer the reader to [21, appendix] and [20] , respectively.
The de Rham complex of a ring A is characterized by the following universal property: given a DG-ring E * and a ring homomorphism λ : A → E 0 , there exists a unique map of DG-rings Ω *
A → E * , which in degree zero is given by the map λ. It is also easy to construct. Let I be the kernel of the multiplication A ⊗ A → A. It is generated as an A-module by the elements a ⊗ 1 − 1 ⊗ a, a ∈ A. The two A-module structures on I define the same A-module structure on Ω 1 A = I/I 2 , and the map
which takes a to (a ⊗ 1 − 1 ⊗ a) + I 2 is a derivation. This is the universal derivation from A to an A-module. One now defines the de Rham-complex to be the exterior algebra
It is a DG-ring and clearly has the universal property stated above. The ring W n (A) of Witt vectors of length n in A is the set of n-tuples in A but with a new ring structure characterized by the requirement that the "ghost" map w : W n (A) → A n which takes the vector (a 0 , a 1 , . . . , a n−1 ) to the sequence (w 0 , w 1 , . . . , w n−1 ) with
be a natural transformation of functors from rings to rings. If the ring A is ptorsion free, the ghost map is injective. If, in addition, there exists a ring homomorphism f : A → A with the property that f (a) ≡ a p modulo pA, then a sequence (x 0 , . . . , x n−1 ) is in the image of the ghost map if and only if
for all 0 < i < n. The latter statement -the lemma of Dwork -encodes the congruences needed to construct every map involving Witt vectors. As an example of how this works, we construct the addition on W n (A).
By naturality, it suffices to consider A = Z[a 0 , . . . , a n−1 , b 0 , . . . , b n−1 ] and define the sum of the vectors a = (a 0 , . . . , a n−1 ) and b = (b 0 , . . . , b n−1 ). The ring homomorphism f : A → A, which raises the variables to the pth power, is a lift of the Frobenius, so we can use the lemma of Dwork to identify the image of the ghost map. One verifies immediately that the sequence w(a) + w(b) is in the image of the ghost map. Hence, there exists a vector s = (s 0 , . . . , s n−1 ) such that w(s 0 , . . . , s n−1 ) = w(a 0 , . . . , a n−1 ) + w(b 0 , . . . , b n−1 ), and since A is p-torsion free, the vector s is unique. The only possible definition, therefore, is that a + b = s.
6
The projection on the first n − 1 factors is a ring homomorphism
called restriction, and this makes W · (A) a pro-ring. There is a second ring homomorphism, the Frobenius,
characterized by the formula w(F (a 0 , . . . , a n−1 )) = (w 1 (a), . . . , w n−1 (a)), and a W n (A)-linear map, the Verschiebung,
given by V (a 0 , . . . , a n−2 ) = (0, a 0 , . . . , a n−1 ).
Here the notation
Thus, the linearity of the Verschiebung is the statement that for all x ∈ W n (A) and y ∈ W n−1 (A), the Frobenius reciprocity formula xV (y) = V (F (x)y) holds. The Frobenius and Verschiebung both commute with the restriction. The Teichmüller map is the multiplicative map n : A → W n (A), given by a n = (a, 0, . . . , 0).
In particular, 1 n is the multiplicative unit in W n (A). The following relations hold F (a n ) = a p n−1 , F V = p, where on the right, p denotes multiplication by p = 1 + · · · + 1 (p times). In general, it is very difficult, to describe the coordinates of the vector p · a in terms of the coordinates of a. It is often convenient to display a Witt vector as (a 0 , . . . , a n−1 ) = n−1 i=0 V i (a i n−i ).
1.2.
The definition of a Witt complex over A was given in the introduction. The following result will be used repeatedly throughout the paper. Lemma 1.2.1. Let E Proof of theorem A. The existence of an initial object follows from the Freyd adjoint functor theorem, [17, p. 116] . The category W A clearly has all small limits, so it suffices to verify the solution set condition. To this end, we show that for every E = E * · in W A , the image of the map induced from λ, λ : Ω * W·(A) → E * · , is a (sub) Witt complex of E. Since the isomorphism classes of such images form a set, the proposition will follow. We must show that the Frobenius and Verschiebung of E * · preserves the image of the canonical map. To prove the statement for the Frobenius, it suffices, since F is multiplicative, to show that for all n ≥ 1 and all a ∈ W n (A), F dλ(a) is in the image of the canonical map. But, using the formula
we find
and this sum clearly is in the image of the canonical map. 
is surjective. In effect, this is an isomorphism. For E * · = W · (A) is a Witt complex over A. We will prove later that also the canonical map Ω * A → W 1 Ω * A is an isomorphism. The proof of this, however, requires theorem D.
The direct image functor f * : W B → W A associated with a ring homomorphism f : A → B takes E * · to E * · and replaces the map λ by the composite λW · (f ). Proposition 1.2.3. The direct image functor f * has a left adjoint
the inverse image functor.
Proof. The proof, which is similar to the proof of theorem A, is an application of the adjoint functor theorem, [17, p. 116] . Given an object E = E * · in W A , the object f * E in W B is the initial object in the over category E/f * . This category has small limits, so we must verify the solution set condition.
We first construct, for all n ≥ 1, a non-commutative graded ring T * n which depends only on E. Assume, inductively, that T * n−1 has been constructed (we let T * 0 = {0}), and let
be the graded set, where e and V (e ) are assigned the degree of e and e , respectively, and where the degree of de and dV (e ) is one higher than the degree of e and e . Then we define T * n to be the free non-commutative graded ring generated by the graded set of S * n . Given an object (D, ϕ : E → f * D) of the over category E/f * , we recursively define maps of graded rings
and with ψ n−1 : T * n−1 → D * n−1 already defined, we let ψ n : S * n → D * n be the map of graded sets given by ψ n (e) =φ n (e), ψ n (de) = d(φ n (e)), for e ∈ W n (B) ⊗ Wn(A) E * n , and by ψ n (V (e )) = V (ψ n−1 (e )), ψ n (dV (e )) = dV (ψ n−1 (e )), for e ∈ T * n−1 . Then ψ n : T n → D n is the unique map of graded rings which extends ψ n .
One shows, as in the proof of theorem A, that the images I (D,ϕ) = {im(ψ n )} n≥1 form a Witt complex over B, and that the map ϕ : E → f * I (D,ϕ) , which takes
in the over category E/f * . Since the isomorphism classes of the objects of E/f * of the form (I (D,ϕ) , ϕ : E → f * I (D,ϕ) ) form a set, the solution set condition is satisfied.
. In general, an integer invertible in A is also invertible in W n (A), and hence, the ring W n (Z (p) ) is a Z (p) -algebra. We claim that as a Z (p) -module,
with the product given by
if 0 ≤ i ≤ j < n. The first statement follows by an easy induction argument based on the exact sequences
and the product formula is an immediate consequence of the relations F V = p and xV (y) = V (F (x)y). In general, it is difficult to find the coordinates of a ∈ W n (Z (p) ) with respect to the basis V i (1), 0 ≤ i < n.
We can use the canonical surjection
to get an upper bound for the right hand side. This is an isomorphism in degree zero, and in degree one we have the relations that for 0 ≤ i ≤ j < n,
vanishes for q > 1, and there is canonical surjection
.
In fact, this is an isomorphism. To prove injectivity, it suffices to find a Witt complex E = E * · such that the canonical map
is injective. We show in proposition 2.6.1 below that TR
The Witt complex TR
· * (A; p) 2.1. In this paragraph we recall the Witt complex TR · * (A; p) associated with a ring A. Details may be found in [9] , [8] , [7] , and [4] . See also [18] .
Let G be a compact Lie group. The G-stable category is a triangulated category and a closed symmetric monoidal category, and the two structures are compatible, [15, II.3.13] . The objects of the G-stable category are called G-spectra. A monoid for the smash product is called a ring G-spectrum. We denote the set of maps between two G-spectra T and
Associated with a pointed G-space X one has the suspension G-spectrum which we denote by susp G (X) or simply by X. If V is an orthogonal G-representation, we denote by S V the one-point compactification. Then the suspension homomorphism
is an isomorphism, [15, I.6.1] . Let H ⊂ G be a closed subgroup, let q be an integer, and let T be a G-spectrum. We define the (derived) homotopy group
where the subscript + indicates the addition of a disjoint G-fixed basepoint. There is a canonical isomorphism π
A map in the G-stable category is an isomorphism if and only if the induced map of homotopy groups is an isomorphism, for all H ⊂ G and all q, [15, I.5.12] . Let H ⊂ G be a closed subgroup. The diagonal map of the space G/H induces a map in the G-stable category
and if T and T are G-spectra, this gives rise to a pairing
If T is a ring G-spectrum, we may compose with the map of homotopy groups induced by the multiplication µ : T ∧T → T . This way the homotopy groups π H * (T ) form a graded ring, and if T is commutative, this graded ring is commutative in the graded sense.
Finally, we mention the Segal-tom Dieck splitting, [24, Satz 2] . If H ⊂ G is finite and if X is a pointed G-space, there is a canonical isomorphism (2.1.1)
where the sum is over conjugacy classes of subgroups of H, and E(W H K) is the universal cover of the classifying space B(W H K).
2.2.
Let T be the circle group. Associated with every ring A one has the topological Hochschild spectrum T (A). This is a ring T-spectrum, and by definition,
where C p n−1 ⊂ T denotes the finite subgroup of the indicated order. The maps (2.2.1) 
the definition or which we briefly recall.
The map f is induced by the canonical projection of T-spaces, and v is the corresponding transfer map defined as follows. Let i : T/C p n−2 → V be an embedding into an orthogonal T-representation, and consider the product embedding (pr, i) : T/C p n−2 → T/C p n−1 × V . The normal bundle of the latter is trivial, and the linear structure on V gives a preferred trivialization. Hence, by the ThomPontryagin construction, we have a map of pointed T-spaces
and (under the suspension isomorphism) this induces the map v. Finally, the map δ is induced from a map of pointed T-spaces
The set of T-homotopy classes of such maps, if m ≥ 2, is a direct sum of an infinite cyclic group and a cyclic group of order 2, and the map δ is a generator of an infinite cyclic summand. The induced map on reduced homology,
takes the generator on the left which, under the canonical isomorphism
corresponds to class of the point C p n−1 in H 0 (T/C p n−1 ) to the generator on the right which corresponds to the fundamental class [T/C p n−1 ] ∈ H 1 (T/C p n−1 ). If we ignore 2-torsion, these maps satisfy the following relations
and hence the dual relations hold among the maps (2.2.1). Moreover, there are further relations among the maps f , v, δ, and the diagonal map ∆. The relations
shows that F is a map of graded rings, and that V is a map of graded modules. And the relation
valid up to 2-torsion, shows that d is a derivation. Here τ permutes the appropriate smash factors, and ∇ is the fold map. The proof of these facts may be found in [9, lemma 3.3] and [7, 1.4.2, 1.5.1]. Remark 2.2.4. Up to 2-torsion, the full subcategory of the T-stable category with objects T/C p n−1 + ∧ S q , where 0 ≤ q ≤ 2 and n ∈ N, is equal to the category, enriched in abelian groups, generated by the maps (2.2.2) subject to the relations (2.2.3). In more detail, if m is the minimum of r and s, then:
(i) The maps from T/C p r + to T/C p s + form a free abelian group of rank m + 1 generated by f r−i v s−i with 0 ≤ i ≤ m.
(ii) The abelian group of maps from T/C p r + ∧ S 1 to T/C p s + is, up to 2-torsion, the sum of a free abelian group of rank m + 1 and, for every 1 ≤ i ≤ m, a copy of
is a generator of a summand Z, and in either case,
(iii) The abelian group of maps from T/C p r + ∧ S 2 to T/C p s + is, up to 2-torsion, the sum for 1 ≤ i ≤ m, of a copy of Z/p m−i Z generated by δf r−i v s−i δ.
This follows from the Segal-tom Dieck splitting, (2.1.1).
2.
3. An isomorphism f : G ∼ − → G of compact Lie groups induces an equivalence of categories f * from the G -stable category to the G-stable category, [15, II.1.7] . If H ⊂ G is a closed subgroup, we let H ⊂ G be the closed subgroup H = f (H). Then for every closed subgroup H ⊂ G and every integer q, there is a canonical isomorphism of G-spectra
and this induces, for every G -spectrum T , a canonical isomorphism
In the case of the circle group, we have the isomorphism
given by the pth root. If T is a T-spectrum, then T Cp is a T/C p -spectrum, and hence, ρ * p (T Cp ) is a T-spectrum. We have the canonical isomorphisms
and these are compatible with the maps F , V , and d induced from (2.2.2).
The topological Hochschild T-spectrum T (A) is a cyclotomic spectrum in the sense of [9, definition 2.2]. This implies that there is a a map of T-spectra
Hence, we have the map
defined as the composite
and this map commutes with the operators F , V , and d. Moreover, r is a map of ring T-spectra, and hence R is a map of graded rings.
2.4.
In order to construct the T-spectrum T (A) we need a model category for the T-stable category. The model category we use is the category of symmetric spectra of orthogonal T-spectra, [19] . This model has a closed symmetric monoidal product which induces the smash product on the T-stable category. We first recall the topological Hochschild space THH(A). See [4, §1] and [9, §2] for more details.
If A is a ring and X a pointed simplicial set, the homotopy groups of the space A(X) = |A{X}/A{x 0 }| are canonically isomorphic to the reduced singular homology groups of |X| with coefficients in A. Here A{X} denotes the degree-wise free A-module generated by
be the standard simplicial circle and let S i be the smash product of i copies of S 1 . ThenÃ
is an Eilenberg-MacLane space for A concentrated in degree i. It has a natural Σ i -action given by permuting the smash factors in S i . Moreover, there are natural maps e :
which are Σ i -equivariant and Σ i × Σ i -equivariant, respectively. This constitutes a symmetric ring spectrumÃ in the sense of [10] , commutative if A is. The space THH(E) is defined for every symmetric ring spectrum E. Let I be the category with objects the finite sets
and morphisms all injective maps. It is a strict monoidal (but not symmetric monoidal) category under concatenation of sets and maps. Let E be a symmetric ring spectrum and let X be a pointed space. There is a functor G k (E; X) from I k+1 to pointed spaces, which on objects is given by the pointed function space
The homotopy colimit
is naturally the space of k-simplices in a cyclic space, and by definition
This is a T-space, [16, 7.1.4 ].
More generally, let (n) be the finite ordered set {1, 2, . . . , n}. The product category I (n) is a strict monoidal category under component-wise concatenation of sets and maps. (The category I (0) is the category with one object and one morphism.) Concatenation of sets and maps according to the ordering of (n) defines a functor
but this does not preserve the monoidal structure. (The functor 0 takes the unique object to 0.) We let G (n)
k (E; X) be the functor from (I (n) ) k+1 to the category of pointed spaces given by
and define
This again is the space of k-simplices in a cyclic space, and we define
It is a Σ n × T-space. If E is commutative, there is a natural product
which is Σ m × Σ n × T-equivariant with T acting diagonally on the left.
Let V be a finite dimensional orthogonal T-representation. We define the (n, V )th space in the symmetric orthogonal T-spectrum T (E) by
There are two T-actions on the this space: one which comes from the topological Hocschild space, and another induced from the T-action on S V . There are also two Σ n -actions: one which comes from the Σ n -action on the topological Hochschild space, and another induced from the permuation representation of Σ n on R n . We give T (E) n,V the diagonal Σ n ×T-action. If E is commutative, there is, in addition, a Σ m × Σ n × T-equivariant product
This product makes T (E) a monoid in the symmetric monoidal category of symmetric orthogonal T-spectra. 14 2.5. A pointed monoid is a monoid Π in the category of pointed spaces and smash product. The unit and multiplication are maps
is the k-simplices of cyclic space. The geometric realization
is a pointed T-space called the cyclic bar construction of Π. It comes equipped with a natural T-equivariant homeomorphism
If E is a symmetric ring spectrum, then the 0th space E 0 is a pointed monoid. In the case E =Ã, this is the underlying multiplicative monoid of the ring A with basepoint 0. In the symmetric orthogonal T-spectrum T (E) defined above, the (0, 0)th space is
Hence, there is a canonical map
We define a map of pointed sets
to be the composite
where the left hand map is induced by the inclusion of the vertices. If E is commutative, this is a multiplicative map. It is proved in [7, lemma 1.5.6] that for every
For E =Ã, we now define the map
by the formula
It is proved in [9, theorem F] that this is an isomorphism of rings. This completes our recollection of the Witt complex TR · * (A; p).
2.6.
Let S be the symmetric ring spectrum with S i = S i . This is the sphere spectrum. It was proved in [2, 3.7] , but see also [18, 4.4.4] , that the unit for the ring spectrum structure
induces an isomorphism of homotopy groups, for all integers q and all finite subgroups of T. Hence, we have a canonical isomorphism
The groups on the right are well-known, at least for small values of q, by (2.1.1). We will use the result for 0 ≤ q ≤ 2. Under the isomorphism above, the multiplicative unit corresponds to the map of T-spectra
induced from the projection which collapses T/C p n−1 to the non-basepoint in S 0 . Composition with e defines a map
If 0 ≤ q ≤ 2, the group on the left was described, up to 2-torsion, in 2.2.4 above. Since d is a derivation, eδ is zero. This is the only extra relation. Hence:
(i) The maps from T/C p n−1 + to S 0 form a free abelian group of rank n generated by ef s v s with 0 ≤ s < n.
(ii) The abelian group of maps from T/C p n−1 + ∧ S 1 to S 0 is, up to 2-torsion, the sum for 1 ≤ s < n, of a copy of Z/p s Z generated by ef s v s δ.
(iii) Up to 2-torsion, every map from T/C p n−1 + ∧ S 2 to S 0 is null.
The unit map S →Z induces an isomorphism of homotopy groups with Z (p) -coefficients in degrees less than 2p − 3. And the functor TR n (−; p) preserves connectivity. Thus we have:
3. Polynomial extensions 3.1. In this section we prove theorem C of the introduction. We briefly recall the statement. The ring homomorphism given by the inclusion of the constant polynomials,
induces a map of Witt complexes over A,
where on the right π * is the direct image functor. And as part of the structure of a Witt complex, we have the map of pro-rings
We wish to show that for all n ≥ 1 and q ≥ 0, every element of TR n q (A[x]; p) can be written uniquely as finite sum
. We recall that, by definition, the group TR n q (A[x] ; p) is the qth homotopy group of the T-spectrum
Let Π be the sub-pointed monoid of A[x] generated by the variable x. The T-space N cy (Π) decomposes as a wedge sum
and the T-spectrum (3.1.2) can then be expressed as a wedge sum
We recall below how this equivalence is defined and show that the homotopy groups of (3.1.3) are given by the finite sums of the form (3.1.1). This will prove theorem C.
3.2.
It is proved in [9, theorem 7.1] that the composite
where ι is the inclusion, is a natural equivalence of T-spectra. Since A and Π are commutative, this equivalence is multiplicative with the componentwise multiplication on the left. This induces an equivalence of T-spectra
and the wedge decomposition of the T-space N cy (Π) induces one of T-spectra
Regrouping the wedge summands after the p-adic valuation of the index, we can write the left hand side in the following way:
Finally, we have the the equivalence of T-spectra given by the pairing
and the T-equivariant homeomorphism
This gives the desired equivalence of T-spectra from the wedge sum (3.1.3) to the T-spectrum (3.1.2).
3.3.
We first consider the restriction of the equivalence described above to the top summand in (3.1.3) . This amounts to a map of T-spectra
which is multiplicative, if the left hand side is given the componentwise multiplication. Hence, the induced map on homotopy groups
; p) identifies the left hand side with a sub-differential graded ring of the differential graded ring on the right.
We recall the structure of the T-spaces N cy (Π, i). The space N cy (Π, 0) is the discrete space {0, 1}, and for i positive, there is a T-equivalence
The multiplication on N cy (Π) restricts to a pairing of the ith and i th summands to the (i + i )th summand. The equivalences above are compatible with this pairing in that there is a commutative diagram
where the lower horizontal map is induced from the multiplication in T. Lemma 3.3.1. The map of differential graded rings
Proof. We first show that the map of the statement lands in the indicated sub-differential graded ring. The map of components induced from the composite
; p), which takes g to λ(g n ), is the map of components induced by the composite
And the composite
where the left hand map is the canonical isomorphism, is equal to the map induced from π :
Let x i ∈H 0 (N cy (Π) be the image of the generator ofH 0 (T/C i+ ) given by the point C i . We show that the map of differential graded rings
which takes x to x 1 is an isomorphism. The map in homology induced by the product T/C i+ ∧ T/C i + → T/C (i+i )+ takes the cycles C i ⊗ C i to the cycle C i+i , and hence, x i x i = x i+i . This proves that the map is an isomorphism in degree zero. To prove that it is an isomorphism in degree one, it suffices to show that
Since the homology of N cy (Π) is torsion free, the spectral sequence obtained from the skeleton filtration of N cy (Π) takes the form
The spectral sequence is concentrated on the lines E 2 0, * and E 2 1, * , and hence all differentials are zero. In particular, the edge homomorphism is an isomorphism. We can write this as the composite
where the left hand map is the inclusion and the right hand map is the map of the statement. It remains to show that the induced map
is an isomorphism. The domain and range are both free TR * (A; p) ⊗ Z[x]-modules of rank one. And the generator 1 ⊗ dx = d(1 ⊗ x) on the left maps to the generator 1 ⊗ dx on the right. This completes the proof.
3.4.
It remains to prove that the homotopy groups of the lower wedge summands in (3.1.3) correspond to the lower summands in (3.1.1). This follows from lemma 3.3.1 and the following Lemma 3.4.1. Let T be a T-spectrum, let j ∈ I p , and let ι : C j /C j → T/C j be the canonical inclusion. Then for all integers q and v ≥ 0, the map
is an isomorphism.
Proof. If X is a pointed C p v -CW-complex, the skeleton filtration gives rise to a spectral sequence
And if the C p v -action on X is free away from the base point, the canonical map
is an isomorphism. And since, non-equivariantly, X s /X s−1 is a wedge of s-spheres, there are C p v -equivariant isomorphisms
Here the left hand map is the natural pairing and the right hand map is the Hurewitz homomorphism. Hence, we have a natural isomorphism of chain complexes
whereC * (X) is the reduced cellular complex of X.
In the case at hand, we give X = T/C j a C p v -CW-structure with one free cell in dimensions zero and one. Let g be the generator e 2πi/p v ∈ C p v . Then the attaching maps It remains to show that the map of the statement is an isomorphism. We also have a spectral sequence
In the case at hand, the same reasoning as above gives a natural isomorphism of complexes
induces a map of spectral sequences. With our identification of the E 1 -terms, this corresponds to the norm map
The induced map on E 2 0,t maps x · y 0 to x · N y 0 , and hence, is an isomorphism. We also note that the induced map on E Finally, we show that under the above identifications, the composite
takes x · N y 0 to jx · N y 1 . By naturality, we may assume that π t (T ) is torsion free. For given x ∈ π t (T ), we can find a map of T-spectra S t ∧ T + → T such that the induced map on homotopy groups maps a generator of π t (S t ∧ T + ) ∼ = Z to x. Hence, it suffices to show that the composite
, and hence it suffices to show that the composite
takes x · y 0 to jx · N y 1 . This is the statement that the map
takes [T] ⊗ y 0 to jN y 1 , which is standard.
The functor P (−)

We first evaluate the Witt ring W n (A[x]).
Lemma 4.1.1. Let A be a ring. Then every element f (n) ∈ W n (A[x]) may be written uniquely
, and where all but finitely many a (n−s) s,j are zero.
Proof. Let Q n be the set of expressions of the form
with the components a (n−s) s,j ∈ W n−s (A), all but finitely many of which are zero. We consider Q n an abelian group under componentwise addition. Moreover, interpreting the expression f (n) as an element of W n (A[x]) defines an additive map
and it is clear that this is an isomorphism, for n = 1. The proof of the general case is by induction on n based on the diagram
The lower sequence is exact and the right and left vertical maps are isomorphisms by the inductive hypothesis. It thus suffices to show that the upper sequence is exact. The restriction R : Q n → Q n−1 ,
is surjective since R : W n (A) → W n−1 (A) is surjective, and V n−1 : 
Let π : A → A[x]
be the inclusion of the constant polynomials. In this paragraph, we give an explicit construction of the inverse image functor
Let E = E * · be a Witt complex over A, we let P (E) = P (E) * · be the pro-graded abelian group with P (E) q n equal to the set of all (finite) formal sums of the form
with components a 
in E q n . The requirement that for all E in W A , this be a map of Witt complexes leaves only one possible way to define a product, a differential, and the maps F and V on P (E). We give the formulas which define these operations. There are several special cases to consider, and to enhance readability, we suppress all nonessential indices. It is understood that the formulas are valid for all possible values of non-restricted indices.
The differential
is given by the following formulas:
The Frobenius (4.2.4)
is given by
The Verschiebung (4.2.5)
The product (4.2.6)
Finally, the map
Here we use lemma 4.1.1 to write every element of W n (A[x]) as a sum of elements of the form V s (ax j ) with a ∈ W n−s (A). 
Proof. Suppose that P (W · Ω * A ) is a Witt complex over A [x] . Then the composition of the map of the statement and the map
induced from the unique map
. But the only self map of an initial object is the identity, and hence the map of the statement is injective. It is surjective because the composition
is surjective. We proceed to prove that P (W · Ω * A ) is a Witt complex. The proof is in two steps.
Suppose first that A is a finitely generated polynomial algebra over Z (p) . We prove by induction on the number of variables that P (W · Ω * A ) is a Witt complex and that the canonical map
is injective. The proof of the basic case A = Z (p) and the induction step are similar. In both cases, the starting point is the fact that the canonical map
is injective. We proved in proposition 2.6.1 that this true if A = Z (p) , and in the induction step, it follows from the previous case. It follows that the induced map
is an isomorphism by theorem C, and hence the canonical map
is injective. The definitions (4.2.3)-(4.2.7) were made such that this map is multiplicative and commutes with the maps d, F , V , and λ. Hence, since TR
/ / TR · * (A[x] ; p) the top horizonal map is injective and the vertical maps isomorphisms. Hence the lower horizontal map is injective.
Let A be a general Z (p) -algebra. To show that P (W · Ω * A ) is a Witt complex over A[x] we must verify a number of relations. Each relation involves only a finite number of elements from W · Ω * A . Hence, it suffices to show that given a finite set of elements of W · Ω * A , we can find a ring homomorphism A → A from a finitely generated polynomial algebra over Z (p) such that this finite set of elements is in the image of the induced map Proof. This is a long staightforward but tedious calculation which we omit. Along the way one uses the relations among F , d and V in E. As an example, we verify the associativity relation
The right hand side, by definition, is zero, so we must show that the left hand side, too, is zero. This is easy if s = 0, so we consider the case s > 0. The product in the parenthesis is equal to the unit (−1)
If we multiply the first summand by b x j −1 dx from the right, we get the unit
Here we use the relation dF s = p s F s in E. Similarly, the product of the second summand with b x j −1 dx is the same unit (−1)
The sums cancel as desired.
Proof of theorem B. To show that P (E) is a Witt complex over A[x], it remains to verify that for all
This is a relation between elements in the image of the map P (W · Ω * A ) → P (E) induced by the unique map W · Ω * A → E. And the relation holds in P (W · Ω * A ) by theorem 4.2.8. Hence it also holds in P (E).
The second part of the theorem is equivalent to the statement that the map
which takes f : E → π * E to the induced mapf : P (E) → E is a bijection. The inverse map takes g : P (E) → E to the composite
where the right hand map takes a ∈ E q n to ax 0 ∈ P (E) q n .
The proof of [14, proposition 1.3] shows that
is an additive function of f . This makes it possible to prove that r(f ) = 0 without the use of theorem 4.2.8. We conclude with the following result, which we shall need in paragraph 7 below.
Lemma 4.2.10. Let E , E, and E be Witt complexes and suppose there is a long-exact sequence of pro-abelian groups
such that the maps commute with F , d, and V . Then there is an induced long-exact sequence of pro-abelian groups such that λV = V λ and such that for all x, y ∈ D * · and a ∈ A, V (xdy) = V (x)dV (y), V (x)dλ(a n ) = V (xλ(a n−1 ) p−1 )dV (λ(a n−1 )).
A map of V -pro-complexes over A is a map of pro-DG-rings f :
There is natural forgetful functor from the category of Witt complexes over A to the category of V -pro-complexes over A,
V (y)dλ(a n ) = V (yF dλ(a n )) = V (yλ(a n−1 ) p−1 dλ(a n−1 )) = V (yλ(a n−1 ) p−1 )dV (λ(a n−1 )),
shows that a Witt complex is a V -pro-complex upon forgetting the Frobenius.
The proof of theorem A shows that the category W A has an initial object. A more constructive proof is given by Illusie in [12, theorem I.1.3]. We will need this construction later on, so we include it here.
Proposition 5.1.1. The category W A has an initial object W · Ω * A , and the canonical map Ω *
Proof. One recursively defines the DG-rings W m Ω * A and the maps R, V , and λ, starting from W 1 Ω * A = Ω * A . So suppose that for all n < m, the DG-ring W n Ω * A and the maps R :
have been constructed such that R is a map of DG-rings, V is additive, λR = Rλ, λV = V λ, and such that for all x, y ∈ W n−1 Ω * A and a ∈ A, V (xdy) = V (x)dV (y), V (x)dλ(a n ) = V (xλ(a n−1 ) p−1 )dV (λ(a n−1 )).
Suppose, in addition, that for all n < m, the canonical map
is surjective. Then, one defines
is equal to zero in W m−1 Ω * A , and by the elements
for all a ∈ A and x ∈ W m−1 (A). The unique DG-map
is well-defined and satisfies that λV = V λ and that for all x, y ∈ W m−1 Ω * A and a ∈ A, V (xdy) = V (x)dV (y),
This gives a V -pro-complex W · Ω * A . One verifies immediately that this is the inital object in W A .
Proof. It follows from the construction above that the map V is a map of graded W n (A)-modules V :
A , where on the left, W n−1 Ω * A is considered a W n (A)-module via the Frobenius F :
This proves the lemma.
Lemma 5.1.5. Suppose that for A, the canonical map
is an isomorphism. Then the same is true A[x].
Proof. The assumption of the lemma implies that the induced map
is an isomorphism of pro-graded abelian groups. We proved in theorem 4.2.8 above that the right hand side is a Witt complex over A [x] . Therefore, the left hand side is a V -pro-complex over A [x] . But then the canonical map
Proof of theorem D. We must construct a map
and show that this makes W · Ω * A a Witt complex over A. Suppose first that A is a polynomial algebra over Z (p) in a finite number of variables. Then, we claim, the canonical map
is an isomorphism. By lemma 5.1.5 it suffices to consider the case A = Z (p) . And in this case, the statement follows from example 1.2.4 and the calculation of W · Ω
In the general case, we first construct a derivation
we define
In order to verify that δ is a derivation, we may assume that A is a polynomial algebra over Z (p) in a finite number of variables. But in this case, the canonical map
is an isomorphism, and the composite
is equal to F dλ, which is indeed a derivation.
There is a unique map of graded W n (A)-algebras
A , and we claim that F annihilates the differential graded ideal N * n . Indeed, it follows immediately from the definition of δ that δ(V (a)) = da, and hence, F annihilates elements of the from (5.1.2). And the calculation F (V (λ(x))dλ(a n−1 ) − V (λ(x)λ(a n−1 ) p−1 )dV (λ(a n−1 ))) = p(λ(x)δ(λ(a n−1 )) − λ(x)λ(a n−1 ) p−1 δ(λ(a n−1 ))) = 0,
show that F annihilates the elements (5.1.3), too. Hence, the map F factors to give a map of graded W n (A)-algebras
It is clear from the way that F was constructed that the canonical map
commutes with Frobenius operators. The map is an isomorphism, if A is a polynomial algebra in finitely many variables over Z (p) . Hence, in this case, the operator F satisfies the relations which makes W · Ω * A a Witt complex. But then it satisfies these relations, for every Z (p) -algebra.
6. Etale extensions 6.1. A map of rings f : A → B, we recall, isétale if it is finitely presented, flat, and if Ω 1 B/A vanishes; see [5, §17] . Let A be a ring in which p is a non-zerodivisor, and let W n,v (A) be the reduction modulo p v of the Witt ring W n (A). We show in proposition 6.2.2 below that if A → B isétale, then also the induced map
isétale The analogous statement for F p -algebras was proved in [12, proposition 0.1.5.8] , and the proof in the case we consider is similar.
We need a slight generalization of a standard result about flatness and filtrations, [3, chap. III, §5] . Let A be a ring and let Fil s A, 0 ≤ s < n, be a finite descending filtration by ideals,
The filtration is called multiplicative if for 0 ≤ s, t < n, the multiplication maps
If N is an A-module, we have the induced filtration Fil s N , 0 ≤ s < n, where Fil s N is the image of the canonical map Fil s A ⊗ A N → N .
Lemma 6.1.1. Let Fil s A, 0 ≤ s < n, be a finite descending multiplicative filtration of the ring A, and let M be an A module. Suppose that gr 0 M is a flat gr 0 A-module and that the canonical map
is an isomorphism. Then M is a flat A-module.
Proof. The sequence
shows that Tor 2 -term in total degree one. In general, the short exact sequences
give rise to exact sequences
The right hand term vanishes by the above, since the module Fil s N/ Fil s+1 N is annihilated by Fil 1 A. But Fil n N is zero, and hence by easy induction, Tor
Proof. Suppose first that v = 1. The V -filtrations of W n,1 (A) and W n,1 (B) are finite and multiplicative. But in order to apply the results of the previous section, we must first show that the V -filtration of W n,1 (B) is equal to the filtration induced by the V -filtration of W n,1 (A), or equivalently, that the canonical map
is surjective. This, we note, is equivalent to the statement that the left hand square in the statement of the proposition is cocartesian. Indeed, there is a natural shortexact sequence of W n,v (A)-modules
and the left hand map has image V s W n,1 (A). In particular, it will suffice to consider the case s = n − 1. But the map
, and hence, is surjective by (6.2.1). Indeed, f 1 : A 1 → B 1 isétale since f : A → B is. Hence, the V -filtration of W n,1 (B) is equal to the filtration induced from the V -filtration of W n,1 (A). We can now conclude from lemma 6.1.2 that the canonical map
is an isomorphism, or equivalently, that the right hand square in the statement of the proposition is cocartesian (with s and n − s interchanged). Indeed, the map We can now show that W n,1 (f ) isétale. First, W n,1 (f ) is finitely presented. To see this, it suffices to show that gr · V W n,1 (f ) is finitely presented. But this follows from the isomorphism
is finitely presented. Next, it follows from lemma 6.1.1 that W n,1 (f ) is flat; for f 1 : A 1 → B 1 is flat and
is an isomorphism. Finally, since V W n,1 (A) ⊂ W n,1 (A) is a square-zero ideal, and since Ω 1 B1/A1 vanishes, lemma 6.1.3 shows that Ω In the general case v ≥ 1, we consider the p-adic filtration of W n,v (A), which is finite and multiplicative. Moreover, the canonical map, clearly, is an isomorphism:
Hence, one can easily conclude from the case v = 1 that W n,v (f ) isétale. It remains to prove that the two squares in the statement of the proposition are cocartesian.
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As we noted earlier, this is equivalent to the statement that for all 0 ≤ s < n, the canonical map
is an isomorphism. Injectivity follows immediately from the fact that W n,v (f ) is flat. For surjectivity it suffices to prove the case s = n − 1. It follows by induction from (6.2.1) that every b ∈ B can be written
which proves surjectivity.
Proposition 6.2.3. Let A → B be anétale map and suppose that p is a nonzero-divisor in A. Then for all n, v ≥ 1 and q ≥ 0, the canonical map
Proof. This is proved from proposition 6.2.2 by the argument of [12, proposition I.1.14]: to produce the inverse of the map of the statement one shows that the left hand side is a V -pro-complex. Proposition 6.2.4. Let f : A → B be anétale map and suppose that p is a non-zero-divisor in A. Then for all n, v ≥ 1 and q ≥ 0, the canonical map
Proof. The proof is by induction on n starting from the case n = 1, which was proved in [4, proposition 3.2.1]. The proof of the induction step is similar to the proof of [9, theorem 5.5] . In brief, there is a natural long exact sequence of
The base-change of this sequence along W n,v (f ), which is exact since W n,v (f ) is flat, maps to the long-exact sequence of W n,v (B)-modules
The map of the right hand terms,
inductively, is an isomorphism, since the left hand square in the statement of proposition 6.2.2 is cocartesian. In order to show that the map of left hand terms,
is an isomorphism, we recall that there is a natural first quadrant spectral sequence of W n,v (A)-modules
see the discussion preceeding [9, theorem 5.5] and also [8, §4] . The desired isomorphism now follows from the case n = 1, since the left hand square in the statement of proposition 6.2.2 is cocartesian.
7. Smooth V -algebras 7.1. In this paragraph we prove theorem E of the introduction. Let V be a complete discrete valuation ring of mixed characteristic (0, p) with quotient field K and perfect residue field k. Let A be a smooth V -algebra, let A K = A ⊗ V K, and let A k = A ⊗ V k.
Lemma 7.1.1. Let A be a smooth V -algebra and let f : A → B be anétale map. Then the canonical map is an isomorphism:
Proof. We recall from proposition 6.2.4 that the canonical map
is an isomorphism. We have the long-exact sequence of W n,v (A)-modules
where the left hand term is a W n,v (A)-module via i * :
We claim that also the canonical map
is flat by proposition 6.2.2, the obvious five-lemma argument completes the proof. To prove the claim, we first recall from [7, proposition 2.4.4] that the canonical map
is an isomorphism; the proof is analogous to the proof of proposition 6.2.4 above. A five-lemma argument based on the coefficient sequence
is an isomorphism. Hence, it suffices to show that
is an isomorphism. The statement for v implies the statement for v − 1, so we can assume that n ≤ v. Then W n,v (A k ) = W n (A k ) and W n,v (B k ) = W n (B k ). We proceed by induction on 1 ≤ n ≤ v starting from the trivial case n = 1. In the induction step, we consider the short exact sequence of is an isomorphism. This completes the proof.
We recall from the introduction that W · ω * (A,MA) denotes the universal Witt complex over the log ring (A, M A ); see also [8, section 3.2] .
Lemma 7.1.2. Let A be a smooth V -algebra and let f : A → B be anétale map. Then the canonical map is an isomorphism: Proof. This is similar to the proof of proposition 6.2.3. is an isomorphism. Hence, by theorem B, we have a canonical isomorphism MA) ). Finally, the canonical map
is an isomorphism, since F (resp. d) is the identity map (resp. the zero map) on the factor S Z/p v (µ p v ). For instance,
The lemma follows.
A pro-abelian group D is Mittag-Leffler zero, if for all n ≥ 1, there exists m ≥ n such that the structure map D m → D n is zero. A map f : D → D of pro-abelian groups is a pro-isomorphism if and only if the kernel and cokernel of f are MittagLeffler zero.
Lemma 7.1.5. Let f : E → E be a map of Witt complexes and suppose this map is a pro-isomorphism. Then also P (f ) : P (E) → P (E ) is a pro-isomorphism.
Proof. Let K be the kernel of f : E → E considered as a map of proabelian groups, and, by slight abuse of notation, let P (K) denote the kernel of P (f ) : P (E) → P (E ) considered as a map of pro-abelian groups. For n ≥ 1, we can find t ≥ 0 such that for all 1 ≤ s ≤ n, the structure map E s+t → E s is equal to zero. By inspection, we see that the structure map P (K) n+t → P (K) n is zero, and hence, P (K) is Mittag-Leffler zero. A similar argument shows that also the cokernel of P (f ) : P (E) → P (E ) is Mittag-Leffler zero.
Proof of theorem E. We recall from [5, corollary 17.11.4 ] that a V -algebra A is smooth if and only if there exists relatively prime elements f 1 , . . . , f r ∈ A and etale maps V [x 1 , . . . , x n ] → A fi . We first prove the statement for polynomial algebras. The proof is by induction on the number of variables; the basic case A = V is the statement of [8, theorem C] . In the induction step, we assume the statement for A and consider the diagram
The left and right hand vertical maps are isomorphism by lemmas 7.1.4 and 7.1.3, respectively, and the top horizontal map is a pro-isomorphism by lemma 7.1.5 and by the assumption that the theorem holds for A. This proves the induction step.
Let A be a smooth V -algebra, let f : A → B be anétale map, and suppose that the theorem holds for A such that the canonical map
is a pro-isomorphism of pro-graded W ·,v (A)-modules. Then the map obtained by base-change along W ·,v (f ) again is a pro-isomorphism, and hence, lemmas 7.1.2 and 7.1.1 show that the canonical map
The proof is completed by the following covering argument: let E n be a functor, which to a smooth V -algebra A associates a W n,v (A)-module E n (A), and suppose that for all f ∈ A, the canonical map
